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1. INTRODUCTION 
In extremal hypergraph theory the most frequently examined problem is 
to determine the maximal number of edges in hypergraphs satisfying some 
prescribed conditions. This field has an extended literature (see, e.g., 
L-14, 81). 
The aim of this paper is to present a method for the other side: to deter- 
mine the maximal number of vertices in a given class of hypergraphs. The 
main idea is that instead of sets (the edges of the hypergraph) we consider 
pairs of sets satisfying a special intersecting property as follows. 
We say that the pairs (Ai, Bi), i= l,..., m, form an intersecting set-pair 
system (ISP-system) if 
(i) Ai”Bj=(2/ if and only if i=j whenever 1 <ii, j<m. 
An ISP-system is called (a, @-system if, additionally, 
(ii) [Ai/ = a and IBil = b for every i < m. 
The heart of our method is Lemma 4 which says that a suitable (a, b)- 
system can be gained from the hypergraph if a condition holds. In this way 
an upper bound is obtained for the number of vertices, as the pairs of an 
(a, b)-system cannot cover too many points (Theorem 6). In the second 
part of the paper we apply this technique for various problems. 
In Section 3 we deal with v-critical hypergraphs of rank r. We improve 
the order of magnitude in a result of Lovasz [ 19, Theorem 10). So we gain 
the best possible estimate, apart from a constant factor, in case v = 1 
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(Corollary 12). Also, for the lower bound, we give a new construction 
which has more vertices than the previous ones in [3,7]. 
In Section 4.1 we investigate the connection between ISP-systems and 
r-critical hypergraphs. In 4.2 we give an upper bound on the number of 
vertices in r-uniform z-critical hypergraphs (Theorem 17) which is near to 
the best for every fixed z. (For fixed r, the order of magnitude was deter- 
mined in [ 121.) Finally, in Section 4.3, we examine a problem concerning 
s-transversals which is related to the Helly-property. Among others, a sym- 
metry theorem is gained from the set-pair method. Open problems are 
mentioned at the ends of the sections. 
We note that set-pairs can be used also for determining the maximal 
number of edges in different types of hypergraphs (see [23] or the survey 
C241). 
Notation. As usual, V(H) and E(H) denote the vertex set and edge set 
of the hypergraph H, respectively; E(H) = {E, ,..., E,}. Throughout this 
paper, hypergraphs are supposed to have no isolated vertices. The rank of 
H is max{ 1 EJ: 16 i < m} and H is r-uniform if 1 EJ = r for every i, 
l<i<m. 
We define the s-transversal number of H as follows. A set Tc V(H) is 
called an s-transversal set of H if Ei c T or 1 Ei n T( 2 s whenever Ei E E(H) 
( T is a transversal set if Tn Ei # 0 for every Ei E E(H)). Then 
z,(H) = min ( ( TI : T is an s-transversal set of H >. 
Note that our definition is slightly different from the original one (in [ 161) 
because now the hypergraph is allowed to have smaller edges with IEil < s, 
too. By definition, if H is of rank r then z,(H) = I V(H)l. 
For ISP-systems we introduce the following quantities: 
n(a, b) = max 
nl(a, b) = max 
e pairs (Ai, Bi) form an (a, b)-system 
(Ai, Bi) form an (a, b)-system . 
Of course, the maximum is the same if we assume J Ail 6 a and IBil d b, 
instead of (ii). Trivially, for every a, b > 0, n,(a, b) < n(a, b) and n(a, b) = 
ntb, 4. 
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2. INTERSECTING SET-PAIR SYSTEMS 
An important result of Bollobas [ 1 ] can be rewritten in the following 
form: every ISP-system satisfies 
(*) 
(Equality holds only if the pairs (Ai, Bi) form an (a, @-system for some 
a, b 2 0 and Ai u Bi = Y is the same (a + b)-element set for every i, 
1 < i 6 m.) The special cases of (*) have been rediscovered and generalized 
by several authors (Jaeger and Payan [13], Katona [Ml, Tarjan [21], 
Lovasz [ 181, Frank1 [9], Fiiredi [lo]). We shall use (*) in Section 2.3 
when estimating n(a, b) and n,(a, b). 
2.1. Two Types of (a, b)-Systems 
CONSTRUCTION 1. Choose an integer a’, O,<a’<a, and let Y be an 
(a’ + b)-element set, m = (“‘tb). The sets B, ,..., B, are the different b-tuples 
of Y, Ai n Y = T\Bi and the (a - a’)-element sets A i\ Y are pairwise disjoint. 
CONSTRUCTION 2. Choose an integer b’, 0 < b’ 6 b, and let Y be an 
(a + b’- l)-element set, m = (b - b’ + l)(“z,“;‘). Every (a - 1)-element 
subset of Y will be completed to a-element sets in b - b’ + 1 different ways 
SO that all the m points Ai\ Y are distinct. Then Bi = ( Y\Ai) u (Ai\ Y: 
Ajn Y=Ain Y, i# j>. 
Remark 3. Constructions 1 and 2 have a’ + b + (a - a’)( “‘ib) and 
a + b’ - 1 + (b - b’ + 1 )( a ‘-,! 1’ ) points, respectively. It is worth noting that 
the first expression turns to the second one when replacing at+ b + 1, 
b-a- 1, and a’wb’. 
We note that Constructions 1 and 2 can be considered as special cases of 
a more general one. We describe this class of (a, b)-systems in order to 
prove 
nl(a’ + a”, b’ + b”) 2 a’ + b’ + n,(a”, b”). 
Let S’ = {(A;‘, BI’): 1 < i< n”] b e an (a”, b”)-system with 1 A;’ u . . . 
u A$( = n,(a”, b”) and put m’= (“‘sb’ ). Let X’ be an (a’ + b’)-element set 
and denote by A;,..., AL? the different a’-element subsets of X’. Put B: = 
X’\A! for 1 < i < m’ and let S;,..., Sk’ be m’ pairwise disjoint copies of S”. 
Then 
S= ((A&A;, B&e,"): 1 <i<m’, 1 <j<m”j 
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is an (a’ + u”, b’ + 6”)~system, therefore n 1 (a’ + a”, b’ + b”) > 1 u (A,BI E s A 1 
= IX’1 + m’n,(a”, b”) = a’ + b’ + (“‘sb’) nl(a”, b”) as stated. 
Then Construction 1 can be gained by putting a” = a - a’, b’ = b, b” = 0; 
for Construction 2 the parameters are a’ = a - 1, a” = 1, and b” = b - b’. 
2.2. The Main Lemma 
If F consists of some transversal sets of H and E(H) = (El,..., E,} then 
define 
r’(F)=min(\7’1: TcEi, Tis a transversalset ofF). 
Fix an integer s 2 1. In our method, those set systems F which satisfy 
r’(F) 2 min(s, [Eil ) = Si for every i < m, (**) 
will play an important role. By definition, (**) implies that UFE F F is an 
s-transversal set of H. 
LEMMA 4. Let T consist of the at most t-element transversal sets of H, 
s, t 2 1. If T satisfies (w) then z,(H)<nI(t, s- 1). 
Proof: Let T’ c T be a minimal subsystem of T, such that T’ satisfies 
(**). From the minimality of T’ it follows that for every Tin T’, T” = 
T’\ ( T’}, there can be found an i 6 m such that ri(T”) < Si, i.e., there exists 
an E’ c Ei for which IF’1 < si - 1 < s - 1 and Fj meets every member of T’. 
Then Fjn Tj= @ b ecause IFjI < z’(T’). Therefore the pairs (Tj, F’) form 
an ISP-system with ITjI < t, jE’j\ <s- 1. On the other hand, because of 
(**), the union of the T-j’s is an s-transversal set of H. Consequently, 
Gw IUTET Tl <n&, s- 1). 1 
From this lemma it follows immediately that a special kind of symmetry 
holds for the quantities n,(a, b). 
THEOREM 5. n,(a, b- l)=n,(b, a- 1) for every a, b> 1. 
ProojI Suppose that I U Ail = n,(a, b - 1) in an (a, b)-system of pairs 
(Ai,Bi), ldidm.SetEi=AiandT=fBiu(x}:ldidm,xEAi).ThenT 
satislies (**) for every s, therefore Lemma 4 can be applied with s = a, t = b. 
Thus 
nl(u, b- 1) = = z,(H) < n,(b, a - 1). 
Similarly, n,(b, a - 1) < n,(a, b - 1). 1 
The equality in Theorem 5 is somewhat surprising because it differs 
essentially from the trivial n(a, b) = n(b, a). 
138 ZSOLT TUZA 
2.3. The Order of (a, b)-Systems 
In this section we give some numerical estimates on n(a, b) and n, (a, b). 
The results are best posible, apart from a constant factor. 
THEOREM 6. (a) If a > b and a > 0 then 
(b) For every a> 1 and b>O 
<rzl(a, b)<(aitl ‘). 
Proof. (a) The lower bound will come from (b) immediately. For 
proving the upper bound, suppose that ( u (Ai u Bi)l = n(a, b), a 2 b, and 
let MO = (l,..., m), So= {(A:, BP): ieM,), where AP=Ai, BP= Bi. If 
j G a + b - 2, and Mj and Sj have been defined, then let Mi+ 1 c ~j be a 
minimal index set satisfying 
u (A+B:)= u (A{uBJ’) I - 
icM,+I iEM, 
The minimality of Mj+ 1 means that, for every i E Mj+ 1, there exists an 
XiEA{UB{ such that Xi#AhUB;G whenever i#keM,+,. Set A!+‘= 
A!\{xi) and B{+’ =B~\C~i}. Then Si+l = ((A/+‘, BJ+l): iEMj+l} is an 
ISP-system such that 1 A/u Bjl = a + b -j for every i and j, 0 <j < 
a+b- 1, iEMj. Therefore (‘“:‘+,@‘) is at most (cca$+b”;{,2,) and (“+,“-j) if 
j > a - b and j < a - b, respectf$ly. Thus (*) implies IM,, b-j( < ( [i2,) if 
l<j<2b-1 and JM,+,-jl<(i) if 2b-l<j<a+b-1. AS n(a,b)= 
IIJ (AiUBj)I = lMll+ *** + IM a + b _ 1 I, the first upper bound follows. The 
estimate of (U;$-t’) can be seen by induction. 
(b) It is enough to prove the inequalities only for a > b because 
n,(a, b) = n,(b + 1, a - 1) (cf. Theorem 5) while ( ‘“+~~~~‘;~~‘+‘)=(“~f~‘) 
for every a > 0. Therefore the upper bound follows from (a). 
For the lower bound, consider Construction 1 with a’ = [ab/(b + l)]. 
Then 
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This inequality can be verified in the following way. One has to show that, 
putting a’ = a - a’ = ra/(b + l)l, 
For fixed b and a”, w is maximal if a is minimal, i.e., a = (a” - 1 )(b + 1 ), 
consequently a”(b + 1) = a + b and 
a”- 1 a”(b+ 1)-i 
w= fl 
i=O (a”-l)(b+l)+l-i< 
There is a small number of special cases when the exact values of n(a, b) 
and n,(a, b) are known. 
PROPOSITION 7. n(a, 0) = n,(a, 0) = a and n(a, 1) = n,(a, 1) = 
[((a+2)/2)2] ifa>/ 1. 
Proox The first equality is trivial because B1 = 0, hence m = 1. For 
b = 1, suppose that Y consists of the m points B, ,..., B,. Then every 
a-element Ai contains exactly m - 1 points of Y, therefore I(A, u B,) u * * * 
u(A,uB,J = IA+ ... uA,I < m(a-m+l)+m = m(a+2-m) < 
Ma + 2)m21. I 
In most cases, Constructions 1 and 2 seem to be optimal for 
IA+ ... u A,\. So, perhaps, the answer to the following problem is affir- 
PROBLEM 8. Prove or disprove 
(a) n(a, b) = n,(a, b) if and only if a > b; 
(b) if abb+2 then 
In part (a), a 2 b has to be assumed because n( 1, b) > n,( 1, b) if b b 2. 
(Also, n,(2, 3) = 9 while n(2, 3) 3 10.) 
If a=b+ 1, Construction 1 implies n,(b + 1, b) 2 2b + (7) = u(b). 
However, in this case some improvement can be achieved in the way 
described at the end of Section 2.1 as follows. Put a’ = b’ = b - 1, a” = 2, 
b” = 1. As n,(2, 1)=4, we obtain n,(b+ 1, b)>2b-2+4(y:f)>u(b) if 
b > 2. 
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Note that Construction 1 is optimal for a 3 b + 2 if and only if Construc- 
tion 2 is optimal for a < b. (Cf. Theorem 5 and Remark 3.) 
For Problem 8(a) we have the following partial result. 
PROPOSITION 9. Zf b > 4a + 3 then n,(a, b) # n(a, b). 
Proof: By Theorem 6, n,(a, b) < (ai$.tl) < $(“ift’> < n,(b, a) < 
n(b, a) = n(a, b) if b > 4a + 3. g 
3. V-CRITICAL HYPERGRAPHS 
Define v = v(H) as the maximal number of pairwise disjoint (i.e., 
independent) edges in H. The hypergraph is said to be v-critical if the con- 
traction of any edge increases v(H), that is, v(H’) > v(H) whenever 
E(H’)=(E(H)\{E})u (E’), E’ g EEE(H). 
For the class of r-uniform v-critical hypergraphs with v = 1, the finiteness 
of n, = max 1 V(H)1 was proved by Calczinska-Karlowicz [2]. His result 
has the following meaning. Consider an arbitrary r-uniform intersecting 
hypergraph (i.e., En E’ # 0 if E, E’ E E(H)). Then there can be found an at 
most q-element vertex set Yc V(H) such that the hypergraph of edge set 
EY = {En Y: E E E(H)} is still intersecting. 
An upper bound for n, was given by Ehrenfeucht and Mycielski [3] 
who indicated that their method could be improved to obtain n, < 
(2r - l)( :I:). Later Lovasz investigated the general case when H has rank 
r and v is an arbitrary fixed integer. He verified 1 V(H)1 < (r/2)( TV +; - ’ ) 
[ 193. We improve the order of magnitude of this upper bound. 
THEOREM 10. Zf H is a v-critical hypergraph of rank r then 1 V(H)1 < 
nl(rv, r - 1) < (‘“,+‘). 
Proof: Let T consist of the sets which can be obtained as the union of v 
pairwise disjoint edges of H. The v-critical property of H implies that T 
satisfies (**) and Lemma 4 can be applied with s = r, t = vr. Therefore, by 
Theorem 6, 1 V(H)1 = z,(H) d n,(rv, r - 1) < (‘“,+ ‘). 1 
In case v = 1, this result gives the right order of magnitude of max ) V(H)1 
(see Corollary 12 below). The following construction improves the lower 
bound of 2r - 2 + t( :I:) (see Erdiis and Lovasz [7]). 
CONSTRUCTION 11. Let IYI =2r-4. If EuE’= Yand /El = JE’I =r-2 
then take four new points X, x’, y, y’ and set E u (x, y}, Eu {x’, y’ 1, E’ u 
(x, x’}, E’ u ( y, y’ >. In this way we obtain 2( :I$) r-element sets forming a 
v-critical hypergraph (with v = 1 ), such that the union of these sets consists 
of 2r - 4 + 2( :I,“) points. 
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COROLLARY 12. For the maximal 
hypergraphs of rank r with v = 1, 
number nr of vertices in v-critical 
( The upper bound comes from a sharper form of Theorem 6. ) 
For r = 4 it is known [22] that n4 = 16. It means that in this case there 
are at least two extremal configurations as 16 = 2r - 2 + $( :I:) = 2r - 4 + 
2( ‘,‘--;) if r = 4. However, for r 2 5, Construction 11 may happen to be the 
only extremal one. 
For fixed r-if v is large-max 1 V(H)1 seems to be a linear function of v: 
PROBLEM 13 (cf. [ 191). Does there exist a constant c, depending on r, 
such that every v-critical hypergraph of rank r can have at most cv vertices? 
For r = 2, the existence of c is known. Gallai [ 111 proved that every 
connected v-critical graph has exactly 2v + 1 vertices, therefore c = 3 and 
the only extremal graph with 3v points consists of v vertex-disjoint 
triangles. 
4. Z-CRITICAL HYPERGRAPHS 
From now on, t = z(H) = z1 (H) denotes the minimal cardinality of a 
transversal set of H. The hypergraph is called z-critical if the deletion of an 
arbitrary edge decreases z(H). 
4.1. ISP-Systems and z-Critical Hypergraphs 
If the hypergraph is z-critical then for every Ei E E(H) there exists a set 
Ti such that 1 Til = t - 1 and Tin Ej # 0 if i # j. Of course, in this case 
Tin Ei = 0 (because of I Til < t), therefore to every r-critical hypergraph 
there can be associated an ISP-system of pairs (Ei, Ti). If H is r-uniform 
then the pairs form an (a, b)-system with a = r and b = t - 1. 
Remark 14. The set system T = { TiU {x}: X E EiE E(H)} satisfies (**) 
for every s > 1. 
ISP-systems differ from r-critical hypergraphs in many respects. 
However, according to the following construction, they can be completed 
to z-critical hypergraphs. 
CONSTRUCTION 15. Let the pairs (Ai, Bi), i= l,..., m, form an (a, b)- 
system. Set V(H’) = UT! ,(Aiu Bi), E(H’) = {A 1 ,..., A,,,} and T’ = 
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(Tc V(H’): 1 TI = b, T is a transversal set of H’}. Now define H* with 
V(H*) = V(H’) and 
E(H*) = E(H’) u ( V(H’)\T: TE: T’). 
This hypergraph H * has the following properties: H* is r-critical; 
r(H*)=b+ 1; [El >a if EEE(H*); Aide if 1 <i<mm; Bj is the only 
b-element transversal set when deleting A,; z,(H*) > IA, u * * * u A,[. 
Remark 16. The sets Ai in Construction 1 form a z-critical hypergraph 
with r = a, t = b + 1. (This property holds for every a’.) 
4.2. The Maximal Number of Vertices 
In the first paper [S] concerning r-critical graphs, Erdijs and Gallai 
proved the inequality I V(G)1 < 27(G). Later Erdijs raised a rather general 
problem (see [4]), a special case of which asks for the maximal number of 
vertices in r-uniform z-critical hypergraphs. For r = 3 an estimate of O(t*) 
was given by Szemeredi and Petruska [20]. Gyarfas, Lehel, and the author 
[ 121 proved the following inequality which contains both estimates men- 
tioned above as special cases: for the maximal number ni of vertices in 
r-uniform z-critical hypergraphs, 
r-l-t-2 ( ) r+t-2 r-l +r+t-2<nL<t’-‘+t ( ) r-2 ’ 
This result shows that, for fixed r, the order of magnitude of n: is t’- ‘. 
Our next theorem settles the case when t is fixed. The estimate is best 
possible, apart from a constant factor. 
THEOREM 17. For every r and t, n: 6 nl(r, t - 1) < (‘T’) and if r >/ t - 1 
then n:>$(‘Tr). 
Proof. The statement follows from Remark 14, Lemma 4, Theorem 6, 
and Remark 16. 1 
PROBLEM 18 (Lehel, Tuza). Does every r-uniform T-critical hypergraph 
H satisfy 
r(t - 1) [ 1 - +t-1 
t 
r(t - 1) 
+- [ 1 +t-1 t-l t 
(W Iw-ul < max ( 1 V(H’)I + IE(H’)I : H’ is (r - 1 )-uniform z-critical, 
z(H’) = z(H)}? 
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Note that every z-critical hypergraph of rank r can be completed to an 
r-uniform one by adding new vertices to the edges smaller than r. Therefore 
n: for hypergraphs of rank r is equal to the maximum in the r-uniform case, 
while this equality does not necessarily hold for v-critical hypergraphs. 
4.3. The Cardinality of s-Transversal Sets 
The concept of s-transversal sets was introduced by Lehel [16, 171, 
mostly in connection with Helly-type hypergraphs. Namely, the quantities 
m(s, t) = max{ r,(H): H is z-critical, z(H) = t} and mk(s, t) = max{ z,(H): H 
is r-critical and k-intersecting, r(H) = t} (s, t, k > 1) can be used for gaining 
Gilmore-type criteria as an equivalent interpretation of the Helly-property. 
(The hypergraph is k-intersecting if any k edges of it have a non-empty 
intersection.) 
Though the exact value of m(s, t) is not known, a symmetry theorem can 
be proved. The result also indicates a connection between LSP-systems and 
the Helly-property. 
THEOREM 19. For every s, t 2 1, m(s, t) =m(t, s) and m(s, t) = 
n,(s, t - 1). 
ProoJ: The second part of the statement follows from Theorem 20 
below, putting k = 1. From here, by Theorem 5, m(s, t) =n,(s, t - 1) = 
n,(t, s- l)=m(t, s). 1 
Using Proposition 7, we obtain 
COROLLARY (Lehel [ 171). (i) Every z-critical hypergraph has a 
2-transversal set of at most [((t + 2)/2)2] points. 
(ii) If t = 2 then every z-critical hypergraph contains an s-transversal 
set with cardinality at most [((s + 2)/2)2]. Both estimates are sharp. 
COROLLARY (Erdiis and Gallai [5]). An r-uniform z-critical hypergraph 
with z = 2 can have at most [((r + 2)/2)2] vertices. 
Moreover, Theorem 6 gives an estimate for every s, t 2 1 which is an 
essential improvement of the previous upper bound m(s, t) < tS (in [ 171): 
$(“: ‘)<m(s, t)<(‘: ‘). 
For k > 1, it is known that m,(2,3) = 5, m,(3,3) = 9, m,Jk, 2) = k + 1 
[16], and the value of mk(s, 2) has been expressed for every s, k > 1 [ 171. 
We have the following general estimates. 
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THEOREM 20. For every s, t, k 2 1, 
nl(s, t - 1)/k < mk(s, t) 6 n,(s, t - 1). 
Moreover, for every fixed t, k 2 1 there exists an sO such that mk(s, t) > 
$z,(s, t - 1) whenever s > sO. 
Prooj Upper bound. Let H be an arbitrary r-critical hypergraph with 
r(H) = t such that z,(H) = m(s, t). Then Remark 14, Lemma 4, and 
Theorem 5 imply m,Js, t) < m(s, t) = z,(H) < n,(t, s - 1) = n,(s, t - 1). 
Lower bound. Consider an (a, b)-system of pairs (A:, Bi), 1~ i < m, 
with a=s, b=t-1, and let X’=A;u ... WA;, IX’l=nl(s,t-1). For 
every k-element index set Z, Zc { l,..., m >, define a (tk + 1 )-element set A, so 
that the A;s are pairwise disjoint and A,n X’ = @. Set 
Ai=AJU U Al and X=X’uu A,. 
iE1 I 
Now the pairs (Ai, Bi) form an ISP-system. It is easy to see that the 
r-critical hypergraph H*, defined in Construction 15, is k-intersecting. Set 
E(H’) = {A, ,..., A,,,}, then z,(H*) 2 z,(H’)/k = nl(s, t - 1)/k because every 
point of x\X’ is contained by exactly k sets Ai. 
For proving the last statement, let a’ = [ab/(b + 1 )] be large with respect 
to b and k. Then Construction 1 results in an s-uniform k-intersecting 
z-critical hypergraph H with s = a, t = b + 1. Therefore, by Theorem 6(b), 
mk(s, t) > z,(H) = 1 V(H)1 > b(‘T’) > $zI(s, t - 1). 1 
Note that if the answer to Problem 8(b) is affirmative then it results in 
the following sharpening of the previous result: for every k, t 2 1 there 
exists an s0 such that m,(s, t) = n,(s, t - 1) whenever s > sO. 
From Theorem 6, some numerical estimates can be gained: 
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